To effectively analyze the influence of two-wave with diffuse power (TWDP) fading on the achievable error rate performance of binary phase-shift keying (BPSK) signaling, we derive two novel concise asymptotic closed-form bit error rate (BER) formulas. We perform asymptotic analysese based on existing exact and approximate BER formulas, which are obtained from the exact probability density function (PDF) or moment generating function (MGF), and the approximate PDF of TWDP fading. The derived asymptotic closed-form expressions yield explicit insights into the achievable error rate performance in TWDP fading environments. Furthermore, the absolute relative error (ARE) between the exact and approximate coding gains is investigated, from which we also propose a criterion for the order of an approximate PDF, which is more robust than the conventional criterion. Numerical results clearly demonstrate the accuracy of the derived asymptotic formulas, and also support our proposed criterion. key words: two-wave with diffuse power (TWDP) fading, BPSK, asymptotic error rate, absolute relative error (ARE) 
Introduction
In past years, various fading models involving Rayleigh, Rician, Nakagami-m, Weibull, κ − µ, η − µ, etc. have been developed to effectively describe multipath propagation in wireless communication systems [1] , [2] . In a variety of newly-emerging applications of wireless communications, for example, wireless sensor networks (WSNs) in enclosed vehicles, on the other hand, the classical fading distributions are unable to accurately characterize the propagation environments [3] . For example, surface-mounted WSNs in cavity structures apparently increase the likelihood of the presence of fairly strong signal, and thus lead to more severe fading effects than the Rayleigh model, that is, hyperRayleigh fading [4] , [5] . Hence, motivated by the need for a highly adaptable channel model covering the various realistic fading scenarios, the two-wave with diffuse power (TWDP) fading model, which is expressed by two strong multipath components along with diffused waves, was introduced in [6] . The existence of TWDP fading has been empirically verified in the several cavity environments such as an aircraft [4] . Furthermore, the fading of a receiver located near the human body at 60GHz can be also described † The authors are with the Department of Electrical Engineering, Korea Advanced Institute of Science and Technology (KAIST), Daejeon, Korea.
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a) E-mail: hjlee@hansung.ac.kr by the TWDP distribution [7] , which implies the existence of TWDP fading channels. The authors in [6] presented the exact and approximate envelope probability density functions (PDFs) for TWDP fading. By exploiting the approximate PDF, the error rate expressions have been formulated for various modulation and transmission schemes in TWDP fading channels [8] - [14] . Since the exact PDF is theoretically intractable, however, the research on the corresponding performance analysis has been scanty. More recently, there was an effort to propose an alternative exact PDF as convergent infinite series [15] . In addition, by virtue of the similarity between the Rician and TWDP fading models, the exact moment generating function (MGF) of TWDP fading was derived in [16] . No study, however, has provided an intuitive understanding of the achievable error rate performance in simple closedform. Specifically, to the best of the authors' knowledge, there has been no reported study on the asymptotic bit error rate (BER) analysis even with respect to the exact representations of TWDP distribution, which would contribute to more precisely and intuitively estimating the achievable error rate performance particularly in the high signal-to-noise ratio (SNR) regime over TWDP fading channels.
Therefore, in this paper, we attempt to derive comprehensive asymptotic BER expressions for binary phaseshift keying (BPSK) signaling at high SNR over TWDP fading channels, using both exact and approximate PDFs as well as the exact MGF. Here, the asymptotic BER expressions can be derived by applying the high SNR approximation technique for the existing BER expressions. To be specific, the existing BER formulas in the previous literature include mathematically complicated functions as well as infinite forms, and thus seem to be intractable to intuitive analysis of achievable error rate performance over fading channels. On the contrary, the derived novel asymptotic closed-form formulas are much more concise than the conventional ones, thereby allowing us to readily and quantitatively investigate the impact of TWDP fading parameter on the achievable error rate performance (e.g., coding gain, diversity order, etc.) at high SNR with much less calculation. Additionally, we numerically analyze the absolute relative error (ARE) in terms of the coding gain formulas derived from the exact and approximate results. According to these analyses, it can be revealed that a conventional criterion to choose the order of approximation M, suggested in [6] (i.e., M ≥ The remainder of this paper is organized as follows. In Section 2, TWDP fading channel model is represented. Moreover, the exact and approximate PDF expressions are also given. The existing BER formulas are reviewed, and asymptotic closed-form BER expressions are derived in Section 3. Additionally, based on the derived asymptotic BER formulas, we carry out the ARE analysis. Section 4 presents simulation results to verify the formulated asymptotic error rate performances as well as the ARE analysis. Finally, concluding remarks are provided in Section 5.
Channel Model
We consider a TWDP fading model that consists of two specular components along with the sum of diffuse components as [6] 
where V k and θ k denote the magnitude and phase of each specular component, respectively, and V di f f use r represents the i.i.d. zero-mean complex Gaussian random variables with variance 2σ 2 . Then, the exact PDF for the TWDP fading model is given by [6] f R (r) = r
where r is the envelope of the received baseband signal and J 0 (·) is the Bessel function of the first kind with zero order. For the simple analysis of performance metrics of the TWDP fading channels, an approximate closed-form expression for the TWDP fading PDF is developed in [6] as where Eq. (3d) denotes the ratio of the total specular power to the diffused power, Eq. (3e) implies the relative power levels of the two specular components, I 0 (·) is the modified Bessel function of the first kind with zero order, and M is the order of the approximate PDF for TWDP fading. According to [6] , the value of M is chosen by the rule of thumb as M ≥ 1 2 K∆, where the exact coefficients a i corresponding to M are given in [6, Table 2 ].
In Fig. 1 , we plot the curves of both exact and approximate PDFs for two parameter set of (K, ∆) with various M. From the figures, it can be clearly observed that there is an explicit difference between the exact and approximate PDFs that inherently retain the inevitable approximation er-ror depending on the order of approximation, M, in Eq. (3a). Hence, it is important to properly choose M when utilizing the approximate PDF instead of the exact one. Moreover, according to the rule of thumb as M ≥ 1 2 K∆, proposed in [6] , the minimum required M is 1 for K = 5 and ∆ = 0.4. However, Fig. 1(a) shows an apparent distinction between the exact and approximate PDFs despite satisfying sufficient M (i.e., M = 1). From these results, it can be clearly revealed that the existing criterion for determining M in [6] might be inadequate to meet all cases.
Error Rate Performance Analysis

Existing BER Formulas
Prior to the analysis of the asymptotic error rate performance, we briefly revisit the existing exact BER formulas as well as the approximate one for BPSK signaling over TWDP fading channels [8] , [15] , [16] .
Exact PDF-based Formula
The average BER formula based on the exact PDF over TWDP fading channels is described as [15, Eqs. (7b) , (15), and (17)]
where E b denotes the bit energy, N 0 stands for the noise power density, P k (·) is the k th order Legendre polynomials, and 2 F 1 (·, ·; ·; ·) is the Gaussian hypergeometric function.
Exact MGF-based Formula
The alternative exact BER formula can be also obtained by means of MGF given in [16] as
where M T WDP (s) = (1 + K) [12] .
Approximate PDF-based Formula
Applying the approximate PDF given in Eq. (3a) of TWDP fading to the conventional BER description for BPSK signaling over a fading channel represented asP
f R (r) dr, an approximate BER formula can be readily derived as Eq. (6) [8].
Asymptotic Performance Analysis
We now derive the asymptotic BER expressions in the high SNR regime to gain further insights into the achievable error rate performance of BPSK system in TWDP fading channels, while the conventional formulas are not represented in closed-form (cf. Eqs. (4), (5), and [8, Eq. (5)]).
Exact Asymptotic BER Expression
By utilizing the high SNR approximation technique, we can obtain the following theorem. Theorem 1: The asymptotic closed-form expression derived from the exact BER formula can be expressed as
Proof: The proof is given in Appendix A. We note that Eq. (7) involves the I ν (·) provided as builtin function in popular mathematical software packages, such as MATLAB, MATHEMATICA, etc., however, is still defined by an infinite series [17, Eq. (03.02.02.0001.01)].
Approximate Asymptotic BER Expression
We obtain the following theorem employing the same approach used in the case of exact BER formula. Theorem 2: The asymptotic closed-form expression obtained from the approximate BER formula is given bȳ
Proof: The derivation is provided in Appendix B.
Absolute Relative Error Analysis
From [6] , the criterion for determining the order of approximate PDF for TWDP fading has been proposed based on the rule of thumb, rather than a theoretical method, which potentially degrades the precision of the approximation with respect to the specific TWDP parameters K and/or ∆. To enhance the accuracy of approximation, therefore, we need to reconsider the conventional criterion for choosing the order of approximation. To be specific, for the theoretical tractability, we adopt the ARE as an effective measure of reliability of the approximation for the TWDP fading PDF in Eq. (3a). Note that at high SNR, the asymptotic average error rate of an uncoded system can be expressed as P
where G c denote the coding gain, deciding the horizontal shift of the error rate curve in average SNR with respect to the reference curve of (γ) −G d , whereas G d refers to the diversity order that means the degrees of slope of the error rate curve versus average SNR, especially for large SNR values [1] , [18] . Thus, using Eqs. (7) and (8), the corresponding coding gain expressions for the exact and approximate BER formulas can be readily obtained as
Then, the ARE between the exact and approximate results over TWDP fading channels can be evaluated in terms of the coding gain as Fig. 2 graphically represents the ARE for the various M versus K and ∆. Here, we set the threshold condition as ARE ≤ 0.05 (i.e., 5%), which can be considered to achieve the sufficiently reliable approximation. In addition, we also consider the useful range of K and ∆ as 0 ≤ K ≤ 20 and 0 ≤ ∆ ≤ 1, referring to [8] - [16] . In Fig. 2 , by examining the AREs compared to the aforementioned threshold requirement, it is observed that the existing criterion for choosing the minimum order to guarantee the accurate approximation (i.e., M ≥ 1 2 K∆ [6] ) is not always satisfied for all the K, ∆, and M (e.g., ARE = 0.148 for M = 2, K = 8, and ∆ = 0.4). On the other hand, for M = 5, it can be seen that almost the whole AREs including even the cases where 1 2 K∆ > 5 satisfy the threshold requirement over the given range of TWDP parameters, whereas many AREs exceed 5% for M = 2, 3, and 4. Consequently, based on this extensive numerical analysis of ARE, we alternatively propose that M should be 5 at least, instead of the existing rule of thumb proposed by [6] , thereby guaranteeing the reliability of the approximation over the useful range of K and ∆. Our proposed criterion for the choice of M will be further verified in Section 4 through the comparison between the exact and approximate BER performances with respect to M.
Numerical Results
Now, we provide some numerical results to validate our asymptotic error performance analysis of the uncoded BPSK system over TWDP fading channels. Fig. 3(a) -3(c) represent the existing analytical BER performances obtained from the exact PDF or MGF as well as the approximate PDF of the TWDP fading for various ∆ with K = {5, 10} and M = 5, in addition to the Monte Carlo simulations when K = 10 and ∆ = 1. From the zoomed figure in Fig. 3(c) , it is apparent that the existing exact analytical results match accurately with the Monte Carlo simulation results. Additionally, we plot the analytical results from the asymptotic closed-form expressions (i.e., Eqs. (7) and (8)) for the exact and approximate BER performances, comparing with those of the corresponding existing formulas, when K = 5 and 10 with ∆ = 0 (Rician fading), 0.5, and 1. From the figures, it can be observed that the derived asymptotic results show the remarkable agreement with the existing BER curves in the high SNR region, which apparently validates the accuracy of our asymptotic BER performance analysis. Hence, we can effectively utilize the asymptotic BER formulas derived in Section 3.2 to provide the explicit insights into the achievable error rate performance over TWDP fading channels in terms of the various parameters K and ∆.
In Fig. 4 and 5, we compare the exact BER performances with the approximate ones for various order M. In  Fig. 4 , considering the existing criterion M ≥ It is, however, clearly observed that the approximate BER curve with M = 1 dose not exhibit good agreement with the exact BER curve. These results closely accord with the observation in Fig. 1(a) . Moreover, we can distinctly observe from the zoomed figures in Fig. 4 (b) and 4(c) that the approximate BER curve becomes slightly more coincident with the exact one as the value of M increases. Additionally, in Fig. 5 with K = 20 and ∆ = 1, according to the conventional criterion for the choice of M (i.e., M ≥ 1 2 K∆), the value of M should be at least M = 10. Fig. 5 , however, shows that M = 5 is enough for the approximate BER curve to quite precisely match with the exact one. From these observations, we can reveal that the conventional criterion seems to be inappropriate for the wide range of K and ∆, and thus propose a more robust criterion for the minimum order of the approximation (i.e., M ≥ 5) that sufficiently ensures the accurate approximation over TWDP fading channels.
Conclusion
In this paper, we have derived novel asymptotic closed-form BER expressions for BPSK signaling over TWDP fading channels. The analytical asymptotic results have been found to be closely matched with the existing ones in the high SNR region. Since the derived asymptotic closed-form formulas are much simpler and more explicit than the existing expressions, they can offer practical insights into the achievable error rate performance of BPSK signaling with respect to TWDP parameters, which enable us to more straightforwardly assess both the achievable coding gain and the asymptotic diversity order. The derived concise asymptotic expressions can provide the basic framework for further asymptotic analysis of the extended communication systems over TWDP fading channels. Moreover, by using the proposed simple criterion for the appropriate order of approximation, we have also achieved more reliable approximation of TWDP fading PDF in the commonly acceptable range of K and ∆. 
